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We define the stringent coherence witness as an observable which has zero mean value for all of
incoherent states and hence a nonzero mean value indicates the coherence. The existence of such
witnesses are proved for any finite-dimension states. Not only is the witness efficient in testing
whether the state is coherent, the mean value is also quantitatively related to the amount of coher-
ence contained in the state. For an unknown state, the modulus of the mean value of a normalized
witness provides a tight lower bound of l1-norm of coherence in the state. When we have some
previous knowledge of the state, the optimal witness is derived such that its measured mean value,
called the witnessed coherence, equals to the l1-norm of coherence. One can also fix the witness and
implement some incoherent operations on the state before the witness is measured. In this case, the
measured mean value cannot reach the witnessed coherence if the initial state and the fixed witness
does not match well. Based this result, we design a quantum coherence game. Our results provides
a way to directly measure the coherence in arbitrary finite dimension states and an operational
interpretation of the l1-norm of coherence.
PACS numbers: 03.65.Ta, 03.65.Yz, 03.67.Mn
I. INTRODUCTION
Instead of state tomography, the existence of entangle-
ment can be tested by measuring only one observable,
called entanglement witness [1]: if the average value is
negative, the state must be entangled. Moreover, if the
measured average value is well blow zero, one can also
infer that the entanglement is very large [2, 3]. Var-
ious quantum games are designed based entanglement
witness, indicating that all entangled states can be used
as a resource in these games [4–7]. Nevertheless, using
entanglement witness to test the entanglement remains
challenging both experimentally and theoretically, partly
because the optimization problem is hard [8, 9].
Quantum coherence [10, 11], is a more fundamental
property in quantum theory and closely related to the
resource theory of quantum entanglement [12–15]. On
the prefixed incoherent basis {|j〉}, the incoherent states
[16] are defined as those with diagonal density matrix
I := {ρI : ρI =
∑
j pj |j〉〈j|}, and the incoherent opera-
tions [16] are those with incoherent Kraus decompositions
IO := {ΛI : ΛI(·) = ∑nKn(·)K†n, s.t. KnIK†n ⊂ I}.
Different coherence measures has been proposed [16–20]
and their monotonicity under incoherent operations has
was analyzed [21–23]. Among those measures, the l1-
norm of coherence has ideal properties, such as strong
monotonicity [16] and computational simplicity, but lacks
an operational interpretation.
Inspired by the entanglement witness, the coherence
witness was proposed and proved to be related to the
randomness of coherence and l1-norm of coherence for
certain classes of states [19, 24]. Similar to entangle-
ment witness, the coherence witness was defined as an
∗Electronic address: xyhu@sdu.edu.cn
observable whose average value is nonnegative for inco-
herent states and hence a negative average value indicate
the existence of coherence. For each coherent state, the
optimal witness that reaches the minimal negative aver-
age value is proved to exist. A recent experiment [25]
measures the average value of the optimal witness, and
find that for a class of single-qubit states, its opposite
coincides with the robustness of coherence as well as the
l1-norm of coherence.
In this paper, we prove the existence of a more strin-
gent coherence witness for any finite-dimension coherent
state, and solve several optimization problems. Differ-
ent from the traditional witnesses, our coherence witness
has zero average value for all of the incoherent states,
and hence a nonzero average value, no matter positive
or negative, infers the coherence. This witness is effi-
cient, in the sense that most of coherent states can be
witnessed by only one witness, and the number of unsure
states reduces fast as the number of witnesses increases.
Another advantage of our witness is that it simplifies the
optimization problems. For any given normalized coher-
ence witness W and its measurement mean value c, we
prove that the coherence Cl1 in the measured states is at
least |c|. When a state ρ is known, we derive the explicit
form of the optimal witness (which is a normalized wit-
ness with maximum average value in ρ), and prove that
the mean value of optimal witness is just the l1-norm of
coherence in ρ. This connection builds an operational
interpretation of Cl1 . Intuitively, the measurement of
some witnesses is very difficult due to the experimen-
tal constraints, so it is important to study the follow-
ing problem: if we fix the witness W , can we optimize
the state using incoherent operations such that the mean
value of W can reach that of the optimal witness? We
give a positive answer when a qubit state is considered,
but a negative one in high-dimension case. Based on this
result, we design a quantum game where quantum coher-
2ence is a resource but some amount of coherence cannot
be activated in this game.
II. EXISTENCE OF COHERENCE WITNESS
Entanglement witness is proved to exist for any en-
tangled states based on Hahn-Banach Theorem and the
convexity of the separable states [26]. Following the sim-
ilar idea, the coherence witness was recently proposed
[19]. For any state ρ /∈ I, there is a Hermit operator W˜
such that tr(W˜ ρI) ≥ 0 for all incoherent state ρI ∈ I
but tr(W˜ρ) < 0. Hence W˜ is called a coherence witness,
namely, detecting a negative mean value of W˜ reveals
that ρ contains the quantum coherence.
When single-qubit states are considered, the Bloch rep-
resentation provides a geometric picture for the coher-
ence witness. Let σ := (σ1, σ2, σ3) are Pauli matrices,
any single-qubit state ρ = 12 (1 + b · σ) is presented as a
three-dimension real vector b with norm b ≤ 1 and all
of the incoherent states are on the z-axis. For a Her-
mit operator W = w01 + w · σ, the states satisfying
tr(Wρ) ≡ w0 + w · b = 0 consist a plane in the Bloch
space. When W is a coherence witness, all of the states
on the z-axis is on one side of the plane, and the coher-
ence of the states on the other side can be witnessed by
W˜ . In order to witness more coherent states, we should
push the plane tr(Wρ) = 0 closer to the z-axis. The best
we can do is that the z-axis is just on the plane. This
leads to an interesting result that tr(WρI) = 0, ∀ρI ∈ I,
so tr(Wρ) 6= 0 indicates the existence of quantum coher-
ence in ρ.
Inspired by the above observation, we propose a more
stringent coherence witness and prove its feasibility for
any finite-dimension states.
Theorem 1. For any finite-dimension coherent state ρ,
there exist a Hermit operator W which satisfies
(C1) tr(Wρ) 6= 0,
(C2) tr(WρI) = 0, ∀ρI ∈ I.
Here and following, a coherence witness of state ρ
means the Hermit operator W satisfying the above two
conditions. The origin for the existence of the stringent
coherence witness is that, the dimension of the state
space D(Hd) is d2 − 1 but all of the incoherent states
live in a (d − 1)-dimension subspace. A precise proof of
theorem 1 goes as follows.
Proof. Any d-dimension state ρ can be written as [27]
ρ =
1
d
+
1
2
d−2∑
j=0
d−1∑
k=j+1
(bjks σ
jk
s + b
jk
a σ
jk
a ) +
1
2
d−1∑
l=1
blσl, (1)
Here bjks,a = tr(ρσ
jk
s,a), b
l = tr(ρσl), and
σjks = |j〉〈k|+ |k〉〈j|, (2)
σjka = −i|j〉〈k|+ i|k〉〈j|, (3)
σl =
√
2
l(l+ 1)

 l−1∑
j=0
|j〉〈j| − l|l〉〈l|

 , (4)
are the Gell-Mann matrices [27] (or standard SU(d) gen-
erators). Apparently, states with bjks,a = 0 (∀j, k) consist
the set of incoherent states, while one of a non-zero bjks,a
indicates the state ρ is coherent.
Similarly, we write a d-dimension Hermit operator as
W = w01+
∑
jk (w
jk
s σ
jk
s + w
jk
a σ
jk
a ) +
∑d−1
l=1 w
lσl, where
w0, w
jk
s,a, w
l are real numbers. When W is a coherence
witness, w0 = w
l = 0 from the condition (C2). Hence
the general form of a coherence witness is
W =
∑
jk
(wjks σ
jk
s + w
jk
a σ
jk
a ). (5)
Condition (C1) then becomes∑
jk
wjks b
jk
s + w
jk
a b
jk
a 6= 0, (6)
for at least one non-zero bjks,a. This can be easily satisfied
by choosing a coefficient wjks,a 6= 0 for a non-zero bjks,a and
other coefficients in Eq. (5) to be zero. Thus, the coher-
ence witness W exist for any finite-dimension coherent
state ρ.
The coherence witness is much more efficient than
quantum state tomography in judging whether an un-
known state is coherent or not. In quantum state to-
mography, one need to measure the mean values of d2
observables to construct a d-dimension density matrix;
only after that, can one determine whether a state is co-
herent. However, when one measures a coherence witness
W1, the mean value tr(W1ρ) 6= 0 is enough to witness the
coherence. If the measurement result tr(W1ρ) = 0 is ob-
tained, one need to measure another witness W2, and so
on.
As an example, we consider the single-qubit case. Most
of the coherence states can be witnessed by W1 = σx ex-
cept those on the yoz plane, i.e., ρyz =
1
2 (1 + b2σy +
b3σz). For such states, we choose W2 = σy and have
tr(W2ρyz) = b2, which vanishes if and only if ρyz is in-
coherent. Hence we need measure at most two witnesses
to judge wether an known single-qubit state is coherent
or not.
When generalize to the d-dimension case, we choose
the witnesses as W jks,a = σ
jk
s,a and measure them in turn.
Precisely, we first measureW 12s under the state as in Eq.
(1) and obtain tr(W 12s ρ) = b
12
s . If b
12
s 6= 0, we claim
that the state is coherent. The only coherent states that
cannot be witnessed by W 12s are those with b
12
s strictly
equal to zero. The proportion of such states is quite small
3in the set of coherent states. If the mean value of the
first witness W 12s is zero, we need to measure the second
witness W 13s and claim the coherence of the state on the
result tr(W 13s ρ) = b
13
s 6= 0. In this second step, most of
the rest coherent states are witnessed. Almost all of the
coherent states can be witnessed by only a few coherence
witnesses, although all of the d(d − 1) witnesses have to
be measured to determinately judge a state is incoherent.
III. QUANTITATIVE COHERENCE WITNESS
Now we have shown that for a given coherence witness
W , the nonzero mean value tr(Wρ) indicate the exis-
tence of coherence. Consequently, we explore the prob-
lem whether the amount of tr(Wρ) is quantitatively re-
lated to the coherence measure. Here we employ the
l1-norm of coherence as a coherence measure
Cl1(ρ) =
∑
i6=j
∣∣〈i|ρ|j〉∣∣. (7)
Our problem is stated as
minimize Cl1(ρ),
subject to tr(Wρ) = c, ρ ≥ 0, tr(ρ) = 1. (8)
Because multiplying W by a constant real number will
cause a change in the mean value, we need to “nor-
malize” the witness in order to get a meaningful rela-
tionship between Cl1(ρ) and c. A normalized coherence
witness should satisfy (N1) tr(Wρ) ≤ d − 1, and (N2)
tr(Wρ) = d − 1 only when ρ is a d-dimension maximal
coherent state. Direct calculation shows that a normal-
ized coherence witness can be written as
W =
∑
jk
(cos θjkσ
jk
s + sin θjkσ
jk
a ). (9)
where θjk ∈ [0, 2pi) are called the orientation of W . The
set of normalized coherence witness is labeled as Wnor.
By writing the state ρ as in Eq. (1) and using the labels
ωjk = (cos θjk, sin θjk) and bjk = (b
jk
s , b
jk
a ), we have
tr(Wρ) =
∑
jk
ωjk · bjk, (10)
and
Cl1(ρ) =
∑
jk
√
(bjks )2 + (b
jk
a )2 =
∑
jk
|bjk|. (11)
The problem (8) is equivalent to
minimize
∑
jk |bjk|,
subject to
∑
jk ωjk · bjk = c.
(12)
This problem can be solved as∑
jk
|bjk| =
∑
jk
|bjk| · |ωjk|
≥
∑
jk
|bjk · ωjk|
≥
∣∣∣∣∑
jk
bjk · ωjk
∣∣∣∣ = |c|, (13)
where the first equation is from |ωjk| = 1. The equations
in the second and third can hold simultaneously when
each bjk is in the same direction as ωjk or in the opposite
direction of ωjk. This leads to the following theorem.
Theorem 2. For a given normalized coherence witness
W and an unknown state ρ, we have
Cl1(ρ) ≥
∣∣〈W 〉∣∣, (14)
where 〈W 〉 := tr(Wρ) is the measurement mean value of
W in ρ.
This theorem provides a quantitative connection be-
tween the measurement result of coherence witness and
the amount of coherence contained in ρ. Namely, if we
measure a coherence witness and obtain the mean value
c, we know that the coherence l1-norm of coherence con-
tained in ρ is at least |c|.
IV. OPTIMAL COHERENCE WITNESS AND
COHERENCE GAME
In the previous section, we prove that for an unknown
state ρ, a large measurement mean value of a normalized
coherence witness provides an evidence that the coher-
ence contained in ρ is high. Consequently, we consider
a related but different problem: for a known state ρ,
whether we can measure its coherence using only one
witness. In order to solve this problem, we define the
witnessed coherence as
CW (ρ) := max
W∈Wnor
tr(Wρ). (15)
The normalized witness that reach the maximum of Eq.
(15) is called the optimal witness of ρ, and labeled as
Wopt(ρ). From Eq. (13), one can easily check that each
unit vector wjk in the optimal witness is along the same
direction as bjk in ρ. If bjk = 0 for some j, k, the cor-
responding wjk can be arbitrary. Hence for states with
some zero off-diagonal elements, the optimal witness is
not unique. Because the optimal witness only depends
on the directions of the vectors bjk, it can be derived
without knowing the exact form of ρ. In other words,
once we know the directions of the vectors bjk, the exact
form of Wopt(ρ) is known and we can use it to measure
CW (ρ).
4Following the similar lines as in Eq. (13), one can easily
prove that the witnessed coherence of a state coincides
with the l1-norm of coherence
CW (ρ) = Cl1(ρ). (16)
This equality guarantees the witnessed coherence em-
body all of the properties of Cl1 [16], such as (C1)
CW (ρ) = 0 iff ρ ∈ I, (C2) CW (ρ) ≥
∑
n pnCW (ρn)
where pn = tr(KnρK
†
n), ρn = KnρK
†
n/pn, and {Kn}
are incoherent Kraus operators of an arbitrary incoher-
ent operation, and (C3)
∑
n pnCW (ρn) ≥ CW (
∑
n pnρn).
Eq. (16) demonstrates an operational meaning of the
l1-norm of coherence, and provides a way to detect the
amount of quantum coherence by measuring only one ob-
servable if we have some previous knowledge of the state.
However, because measuring the witness is not an in-
coherent operation and very expensive in the resource
theory of quantum coherence, it is not feasible to mea-
sure the optimal witness for each state. A natural solu-
tion to this confliction is to fix the witness W and apply
an incoherent operation ΛI (which is free) to the known
state ρ before the measurement. The mean value is then
tr(WΛI(ρ)), which is intuitively no larger than CW (ρ).
The purpose of applying ΛI is to maximize the mean
value such that it can approach CW (ρ).
Now we are facing a problem whether
maxΛI tr(WΛ
I(ρ)) can reach CW (ρ) for a fixed W
and all choices of ρ. The answer is stated in the
following theorem.
Theorem 3. For ρ ∈ D(Hd), W ∈ Wnor, and ΛI ∈ IO,
max
ΛI
tr(WΛI(ρ)) ≤ CW (ρ). (17)
The equation holds only when the orientations {θij} and
{θ′ij} of W and Wopt(ρ) satisfy that there exist a one-to-
one function f(i) from the index set of basis such that
θf(i)f(j) + θf(j)f(k) − θf(i)f(k) = θ′ij + θ′jk − θ′ik, (18)
∀i, j, k satisfying bij , bjk, and bik in ρ are nonzero.
Proof. For all ΛI ∈ IO we have
tr(WΛI(ρ)) ≤ CW (ΛI(ρ)) ≤ CW (ρ). (19)
The first equality holds whenW is the optimal witness of
ΛI(ρ), and the second one holds when the coherence of ρ
is not changed by ΛI . Expressed in the langue of Bloch
space, the equality in Eq. (17) holds when ΛI reorder the
basis according to |j〉 → |f(j)〉 and rotate each vector bjk
of ρ to the direction of wf(j)f(k) of W , so we have
wf(j)f(k) · Rjk(bjk) = |bjk| = w′jk · bjk, (20)
where w′jk are the vector of Wopt(ρ). Notice wf(j)f(k) ·
Rjk(bjk) = R−1jk (wf(j)f(k)) · bjk, and then the equality
in Eq. (17) holds when the rotations Rjk and the one-
to-one index function f(j) exist such that
wf(j)f(k) = Rjk(w′jk), ∀ j, k s.t. bjk 6= 0. (21)
Unfortunately, the rotations Rjk are not independent
from each other. Certain relations of wf(j)f(k) and w
′
jk
should be matched if all of the equations hold. In order
to derive the relations, we notice that the rotations and
the reorder of basis are equivalent to an incoherent uni-
tary operator UI =
∑
j e
iλj |f(j)〉〈j|. Eq. (21) is then
equivalent to
W = UIWoptU
†
I . (22)
By expanding the two sides on the basis {σjks , σjka } and
comparing the coefficients, we finally arrive at Eq. (18).
If there is only one or two nonzero bjk in ρ, the equality
in Eq. (17) holds for any normalized witness. For exam-
ple, when ρ is a single qubit state ρ = 12 (1+ r cos θ
′σx +
r sin θ′σy + rzσz), (r > 0) and the witness is fixed as
W = cos θσx + sin θσy , the incoherent unitary operator
is chosen as UI = |0〉〈0| + ei(θ−θ′)|1〉〈1|. Then we have
tr(WUIρU
†
I ) = r = CW (ρ).
Next, we provide an example to show that the left-
hand-side of Eq. (17) can be strictly smaller than the
right-hand-side. Here we choose the state to be measured
as a pure state
|ψ〉 = cos θ√
2
(|0〉+ |1〉) + sin θ|2〉 (23)
with θ ∈ [0, pi2 ], and the fixed witness as
W = σ01s + σ
12
s − σ02a . (24)
The witnessed coherence of ρ is calculated using Eqs. (6)
and (16)
CW (ρ) = cos
2 θ +
√
2 sin 2θ. (25)
Our purpose here is to apply an incoherent unitary op-
erator on ρ such that the measured mean value of W is
as large as possible. From the symmetry in the witness
and the state, the general form of the incoherent unitary
operator can be written as
UI = |0〉〈0|+ eiλ1 |1〉〈1|+ eiλ2 |2〉〈2| (26)
with λ1, λ2 ∈ [0, 2pi). The mean value of the given witness
W after the action of unitary operator is
tr(WUIρU
†
I ) = cos
2 θ cosλ1 −
√
2 cos θ sin θ sinλ2√
2 cos θ sin θ cos(λ2 − λ1).
(27)
We maximize the mean value over λ1 and λ2 using nu-
merical method, and plot the maximized mean value, as
well as the witnessed coherence, in Fig. 1.
A direct application of Theorem 3 is the following
quantum game. In this game, the referee controls a de-
tector which measures the observable W as in Eq. (5).
The player has a known state ρ and he can implement
5θ/pi
0 0.1 0.2 0.3 0.4 0.5
0
0.5
1
1.5
2
CW(ρ)
max tr(WUIρUI
+)
FIG. 1: The lhs and rhs of Eq. (17) as a function of p. The
fixed witness and the state are in the form of Eqs. (24) and
(23).
any incoherent unitary operator UI to it. After he opti-
mizes his state, he put it in the referee’s detector. If the
measurement result is a positive number a, the player
can earn a dollars; if a negative number −b, he would
lose b dollars. The average payoff function is then
P(ρ) = tr(WUIρU †I ). (28)
From Theorem 3, the player can earn some money on
average as long as he has some initial coherence, and the
maximal average gain is upper-bounded by the coherence
of his initial state. If the player’s state is a single-qubit
one, the maximal average gain equals exactly to the ini-
tial coherence. When higher dimension is considered,
the average payoff cannot reach the initial coherence if
the orientations of ρ and W do not match. It means
that, some amount of coherence in quantum systems of
dimension higher than two can not be activated in this
game.
V. CONCLUSION
The stringent coherence witness, and several related
optimization problems have been investigated. The wit-
ness is stringent in the way that all of the incoherent
states should satisfy the equation tr(WρI) = 0, instead
of the inequality tr(W˜ρI) ≥ 0 for the traditional wit-
nesses. We prove that such witness exist for arbitrary
finite-dimension coherent states.
When the coherence witness is normalized, its mean
value reveals the amount of coherence in the measured
state. For an unknown state and a fixed witness, the
modulus of the mean value provides a tight lower bound
of the l1-norm of coherence contained in the state. For
a given state ρ, the optimal witness is defined as the
normalized witness whose mean value in ρ reaches the
maximum. Once the orientations of the vectors bjk in
ρ is known, the optimal witness is fixed. Hence one can
directly measure Wopt and the mean value is just the
l1-norm of coherence in ρ.
Another important problem goes as follows. Using a
fixedW , can we measure the coherence of a state if its bjk
are known and incoherent operations are allowed? In the
qubit case, the answer is yes. But in the high-dimension
cases, the coherence can be measured only when certain
relations (as in Eq. (18)) between wjk in W and bjk is
satisfied. We study an example to show the gap between
the maximum mean value ofW and the witnessed coher-
ence of the state. A coherence game is also designed to
show this effect.
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